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Setting
K field.
A fin. dim K-algebra
e ring with ad = da (ae A, AeK).

Det

rad A .= (\ m = (\m

m: left moximal ideal M- right max.ideal
the Jacobson radical.

Prop

rad A is a Two-sided nilpotent ideal.
2 KK [K K/’\m\d/\

A=K KRN A /radA = Mat, (K) x K2

0 0 K |K
i 0 0 0 K |

20210201_SNU2Y4 . S



1-2

Setting

Unless otherwise stated,

modules = fin. dim. right A-modules.

mod A : the cat. of fin. dim. right A-mod’s.
Def

D = HOYY\K(?, K) - mod A — mod A% -

the K-dual (contravariant Tunctor).
f- M- N = Df:. DN - DM

Prop -
D oD = Tian: Mod A — modA. Df;j“” ;‘;;f
Det DDN <& N

Let A, B: two algebras.
M: A-B-bimodule <
& { M: lett A-mod. & right B-mod,
a(mb) = (am)b (aeA, beB, meM,).
Prop e
If M: A-B-bimod,
Homg (X ®4 M, Z) = Hom, (X, Homz(M, Z))
functorial iso. at X € mod A,
4 € mod B.

A%? @ B-module
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Prop | Wedderburn-Artin]
B<= A/radA is a semisimple K-algebra, so
rad B = 0,
B @ Matm,,(D;) x - x Maty (Ds)
(D - div. K-alg.),

any B-module is semisimple.

Def
For M e modA,
rod M:= () L = M- radA,
L<cM : max. submod.
topM = M/rad M : semisimple A-mod.
L em

f: M> N inmodA induces
flraem: rad M= rad NV, f: topM - top .
f:surj. < f. surj. by Nokayama's Lemma.

Thm [ Jordan- Holder]
Any M e mod A has a composition series
0=M ¢ M G- $M =M (¥
(M; / M,_, - composition factor is simple).
Compos. factors don't depend on the choice of (k).
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Def
e e A : idempotent is primitive &

e+ 0
t e=e+e, e, e idm=e=00re=0.
Prop
deq, .., e, prim. idem., 1p=e +  +e,.
Ex

K K K K matrix unit
4
A = KoK KK =7 1A=e11"“‘3221‘633“‘644-
0 0 K K
] 0 0 0 K |
Deft 0 is not local,

A local & A has a unigue max. right ideal
o radA = A\ A* ol invertible elem
o 14 is aprimitive idem.
Lem
(1) MemodA, ecA: idem =
Hom, (eA, M) =~ Me as K-vec. sp.
2) ecA:idem = Endy(eA)~ eAe as K-alg.

(3) ForeeA: idem, e: pr|m<=7eAe local
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Prop
For M e mod A,
M : indec. & End,(M): local.
In this case,V f e End, (M) is iso. or nilpotent,
and f € Ends(M): nilp = Imf c(radEnd,(M))- M.
Prop
Let 14=e4 +-—- +e,, e prim idem
(1) S(1) = e;(A/radA) are the simple A-mod
2) P(i) = e;A are the indec. proj. A-mod,
3) I(i) = D(Ae,) are the indec inj A-mod
Ex
In the previous example,
P1)=2 P(2)= [K K 0 Q],
P3)=[0 0 K K],
P4)=[0 0 0 KJ]=2S(4)
Thm [KN\I—SChWﬂdT]
Let M e modA, then M has a decomp.

M = éé /\/l,,'_ (Mi: iV\deC.)7

which is unigue up to reordering.
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Def
v = D Homu(7, A)
~ “®, DA: modA — modA -
Nakayama Tunctor.

Prop
Y induces a cat eq.
A Y proj amay
N
proy Al in) s
fin. dim. pro) - £in. dim. inj .

P(1) —— I(1).
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Def
Let Me modA.
(1) = P - P1 — Po - M-=0: proj. resol.
< it is exact, F eprojA.
@ P - P — M- 0: proj presentation
< It is exact, F eprojA.

Def |
Toke P e proj A

Let Me W as small as possible

T: P— M: proj cover i
T: surj.,PeprojA, Ker T c rad P.

Prop
Let w: P—> M: proj. cover, then
topM ::’162513(1)@“"‘ > P« §n91 P(i)°™
Def
(1) BhR B P B M= 0: min proj. resol.
< Yp,: P, > Imp,: proj. cover.
2 RBPBM-=0: mn proj pres.
<< Yp,: P, > Imp,: proj. cover.
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Def
Let 1, = e, +--+ e,, e;: prim. idem.
A:bosic .« P(1) # P(j)if 1+ 7.
P(i) = P(j) & S(1)=2S(j) & I(i)= I(J)

Prop
A bosic < A/radA = Dy x-- x D, (D;:div. K-alg).
Thm L minimal Morita progenerator

Toke PeprojA st (b gHgmeds )
P=Peo ®PF,, P : indec,
1+]j=>PF 2 F,
Vie{t,..,n}, 3je{1,.,m}, P(1) 2P,
and set B:= End,(P). Then,

Homy (2, 7)

mod A ——— mod B : cat eq. (Moritaeq.)
®3 P

B is basic.
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Det
Q= (Qo, Qi, s,t): Tinite quiver &
Q, : a Tinite set: the vertices set,
Q : " . the arrows sef,
s: Q4 —» Q: amap : The source map,
t: Qy— Qp: » : the targer map.
Notation
For oo e Qi, we write o : s(x) — t(a).
Ex
Qo =11,2,3, 47,
Qi = {oa, B, y. 0. g}

o012, | =329 2.3.% 4
B: 1 =2, 7\_/5

)& 2%3,

5: 4 — 3,

g: 3 > 1.
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Det
A path in Q of length £ from 1 1o § .
e; Tor £=0o0and1=7eQ,; or
oty 0 Tor £z1and o, 05, ., 0 €Qy,
s. T s(a) =1, tloe) = s(oaer), ()= 7.
It is called a cycle ' £=21, 1=7,
o loop = £=1, i=4.
R : ocyclic :< Q has no cycle.
EXx
In the previous ex.,
e, : length O from 4 t04
ye. v 2« 2 .7
wye: 3 T .1 cycle.
Thus, Q is not acyclic.
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Def
Let Q : Tin. quiver, then the path alg. KQ:

KQ =@ Kp as K-vec. sp.
P poth

for paths », g in Q with p to 1, g from 4,

P-q = <pPq (HC 1 = 4) connect paths
0 (otherwise) * possible

Ex
(1) If Q = 1o%, then KQ ~ K[t].

@ If Q=(1%25%3%4), then

e1/ 62,83, e4-/ O(/B/Y/

KQ is 10-dim. alg., «B, By, By
’IKQ = €1t € + €3 + &4,

kg = [K' K" KR
ORI R
DO KK
000K
Prop
(1) Tke = 2_ ei, ei: prim. idempotent.

‘Léo

2) KQ: fin. dim. « Q is acyclic.
In this case, rad KQ = span{paths of length =
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Def
For Q : fin. quiver, £ =1,
KQzo = span paths of length = £}:
two-sided ideal of KQ.
Det
Let I ¢ KQ : two-sided ideal.
I: admissible & Am=z2, KQsmc I ¢ KQ>»».

S ——mU " N e N\ A~
E paths long enough are in L preserve
X vertices, arrows

oc/,,z\ﬂ I .={af-yd, &ed ) admissible.
Q = \ 4 I'={5-Jed, €0¢ed ):
At .
3Jg & not adM|SS|bIe.
KQ/I' = K( < >
Rem (48 = §eSes e T')

0 c KQ : admissible & Q : acyclic.

Prop
Let I ¢ KQ: admissible ideal.
Then/\ KQ/I: fin. dim., basic K-alg.

. prim. idem.
4.qu [e; ] e; + I, move precisely
rad A = KQ./ I

20210201_SNU 134 . S






